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A Primer on Propositional Modal Logic

1 THE LANGUAGE OF PROPOSITIONAL LOGIC
The primitive vocabulary of propositional logic is:
(a) Proposition letters: P, Q, R, P, Q, R,,...

(b) Logical operators: —, —

(c) DParenthases: (,)
The rules for well-formed formulae (‘wfls’) are as follows:

(a) Any proposition letter is a wff.

(b) If "¢ isawff, then "= is a wff.

(© If ¢ and "¢ are wils, then (b — )" are wiks.
(d) Nothing else is a wif.

The following are introduced as stipulative definitions:

(FVHE(—¢)—¢)
(FALE~(b——¢)
(> HEAP— )= ~(¢—¢)
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2 THE AXIOMATIC SYSTEM PL

4. Here is a simple axiomatization of classical propositional logic:

P—(Q—7P) (A1)
(P=(Q—=R)—=(P—Q)—=(P—R) (A2)
(Q—->-P)=>(—Q—->P)—Q) (A3)

To accept these as axioms means that, at any point in an axiomatic proof, you
may write down (A1), (A2), or (A3).

In this axiomatic proof system, in addition to writing down (A1), (A2), or
(A3), we are also allowed to write down anything permitted by the following
two rules of inference:

Uniform Substitution (US): You may uniformly replace any propositional
letter, "@ ', occurring in a theorem of P with another wff of PL, "¢

from "PL ¢lay,ay,....ay], infer |_” ldi/ar, afay, s by /ay]

Modus Ponens (MP): From a wff of the form "¢ — ¢ and a wif of the
form "¢, you may infer "¢ .

If, by writing down the axioms (A1), (A2), and (A3), together with all of the
sentences in I', and successively applying the rules of inference, we can even-
tually write down "¢, then we will write

'k, ¢
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and we will say that "' is P L-provable from the wits in T. If "¢ " is provable
in the system P L from no premises, then we say that rngj is a theorem of PL,

and we write
F é

PL

Here's a sample axiomatic proof establishing that |- P — P:

I—PL (P-(Q—-R)—»(P->Q)—(P—>R) (A2)
I—”(P—>((P—>P)—>P))—>((P—>(P—>P))—>(P—>P)) 1 (US)
}—”P—>(Q—>P) (A1)
|—PLP—>((P—>P)—>P) 3(US)
I—PL(P—>(P—>P))—>(P—>P) 2, 4 (MP)
K P (por) , (US)
|_PLP_>P 5,6 (MP)

2.1 SEMANTICS FOR PL

An interpretation function [ | is a function from wifs of PL to {0, 1}.

(a) We require that an interpretation satisfy the following conditions:

) [~g]=1iF[S]=0.
(=) [~ ¢1=1ifF [¢]=0or [¢]=1.

We say that ' ¢ is a P L-consequence of a set of wffs ', or that the argument
from I to r¢-\ is P L-valid, written

Tk ¢

iff there is no P L-interpretation [ ] such that [y] = 1 for every y € T, yet
[#] = 0. Or, equivalently, iff, for every interpretation on which all of the
premises in I are true, "¢ is true as well.

rgéj is P L-provable

Here’s an interesting and unexpected and fantastic fact:
from T iff the argument from T to " ¢ is P L-valid:

r l_m & if and only if r |:m &
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3 THE LANGUAGE OF PROPOSITIONAL MODAL LOGIC

The primitive vocabulary of propositional modal logic is exactly the language
of propositional logic, plus one additional logical operator, 0.

We add the following to our rules for well-formed formulae from propositional
logic:

(@) If r(,zl)_‘ is a wff, then ngéj is a wif.

And we introduce the additional stipulative definition:
0 2-0-g
4 THE SYSTEM K

The axiomatic system K is characterized by one additional axiom, K (the dis-
tribution axiom), and one additional rule of inference, V (the rule of necessi-
tation).

K :0oP—-Q)— (ol —-0Q)
N : from |—K &, infer I—K O¢

If we add K and N to the axioms and rules of inference for PL, we get the
axiomatic system K. Since we know that every theorem of P L can be proven
from the axioms and rules of inference for PL, we can make our axiomatic
system K a bit easier to work with by allowing ourselves to write down, as
an axiom, any theorem of P L, and allowing ourselves to appeal to any valid
PL rule of inference. Then, the axiomatic system K will have the following

axioms:
I ¢, forall theorems of PL, "¢ (PLT)
F o —Q)—([@PF-0Q) (K)
And the following rules of inference:
all valid P L inferences (PLR)

from |—K dlay,ay,...,ay], infer I—K Dl /aydylay. s dyfan] (US)
from |—K &, infer I—K O¢ (N)
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(P LR) allows you to appeal to any P L-valid rule of inference.

If " is provable in the system K from the premises in I, then we write
r |—K b

If " is provable in the system X from no premises, then we say that "¢ is
a theorem of K, and we write

K

Here is a proof schema establishing that a wff of the form r—-()géj is equivalent
to a wff of the form rl:l—'géj :

I) |_/( =P« P (PL)
2) |_/( —-—0-¢ <> O0-¢ 1(US)
5 F 06 o> 0 2 def '

We may similarly establish that a wff of the form r—'Dgﬁj is equivalent to a wif
of the form r<>—'¢j I Let’s introduce these as derived rules of inference, which
we may call ‘M N, for Modal Negation:

from grgz%, infer g{(}—'ﬁ}

from {[— , infer {'[O—

from {[O—¢], infer {[-0db] (MN)
from {[O—¢], infer {[—0Og]

(Here FC[—-D¢]—I is just any wif, réﬂ , which contains the wif rﬂqus—l as a
sub-wif, and similarly for " [0—¢]", "{[-0¢]", and "{[O~¢]".)

4.1 SEMANTICS FOR K

A K -frame is a pair < YW, R > consisting of a set of worlds W, a binary re-
lation R € W x W (known as the ‘accessibility relation—though ‘Rww*’ is
colloquially glossed as ‘w sees w*’).

1

We may also prove that, if |- & < ¢, then we may replace ¢ with "¢/ wherever it appears.
IS

wy Wy

Figure I: A K-frame consisting of the worlds w,, w,,w;, and w,, and the accessibility
relation R such that Rw, w,, Rw, w,, Rw,w;, Rwyw,, and Rw,w,.

w. w
2 3

- -s]Q

wy Wy

Figure 2: A K -model consisting of the frame from figure 1 together with an an interpretation
[ ] such that P is true in w, and w, and Q is true in w, and w,.

17. A K-model is a triple < W, R,[ ] > consisting of a K -frame and an interpre-

tation function [ ], from pairs of wifs and worlds w € W to {1,0}.
(a) We require that our interpretation function [ ] satisfy the following con-
ditions:

(=) [-¢]”=1if [$]“ =0.
(=) [$— 41 = 1IF[$1* =0 or [ = 1,
(O [O¢]” =1iff, for every w* € W, if Rww*, then |[¢]]"’ =1.

Given this semantics for ‘=" and ‘00, it is possible to show that, given our

definition of ",
(0) [O4]“ =1 iff there is some w* such that Rww* and [$]*" = 1.
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We will say that* ¢ is a K -consequence of a set of wis I', or that the argument
g . .
fromT to ¢ is K-valid, written

IE ¢

iff there is no K-model < W, R,[ ] >, with some w € W such that [y]* =1
for every y €T, yet [¢]” = 0. Or, equivalently: iff for every world in every
K -model at which all the premises in T are true, "¢ is true as well.

rgﬁj is K-provable
from the premises in T iff the argument from I" to rgéj is K -valid.

F|—K¢

Here’s an interesting and unexpected and fantastic fact:

ifandonlyif T &

Notice that, in the K-model shown in figure 2, the wif ‘OP — OP’ is false
at world w,. (All of the none of the worlds which w, sees are P-worlds, so
[OoP]*2 = 1. Yet there is no world which w, sees which is a P-world, so

[or]“=0.)
s THE SYSTEM D

Suppose we add to our axiomatic system K the following axiom
D :gP —OP

This gives us the system D. The system D will have the following axioms:

|- @, forall theorems of PL, b (PL)
F o —Q)—(@F-0Q) (K)
- 0P - 0Q (D)
And the following rules of inference:
all PL valid inferences (PLR)

from }—D Play, ay,...,ay], infer I—D Bl /s dylay...dy/an] (US)
from |—D &, infer |—D O¢ (V)

(We will still retain the derived rule of inference, M N.)

wy W, ws
e «— o .

O

Figure 3: A D-frame consisting of the worlds w,, w,, and wj, and an accessibility relation

R such that Rw, w,, Rw,w,, and Rw;w;.

22.

23.

24.

Here is an axiomatic proof showing that |- =0 — Q—P (this is not a theo-
D

rem in K).

L OP—OP (D)
2 | 0P —0-P 1(US)
3. | —0P—0-P 2 (MN)

5.1 SEMANTICS FOR D

Our semantics for X imposed absolutely no constraints on the accessibility
relation R. If we require that the accessibility relation R be serial—that is, that
every world sees at least one (not necessarily distinct) world—then we get a
semantics for the system D.

A D-frame is a pair < W, R > of a set of worlds W and a serial binary relation
R CW x W. A binary relation R over W is serial iff every w € W bears R to
something.

SERIALITY
A binary relation R € A x A is seriAL iff, for all 2 € A, there is
some b € A such that Rab.

Va3db Rab
A D model is a triple < W, R,[ ] > consisting of a D-frame < W, R > and an
interpretation function [ ], from pairs of wifs and worlds w € W to {1, 0}.

(a) Aswith a K-model, we require that the interpretation function [ ] satisfy
these constraints:



Figure 4: A D-model consisting of the frame from figure 3 together with an interpretation
[ ] such that P is true in w, and Q is true in w, and w;.

(=) [-]"=1i[$]* =0
(=) [$ — 41 = 1 IF[$]* =0 or [¢]* =
@ [oe]v=1 iff[[gﬁ]]w* =1 for all w* such that Rww*.

25. Wewillsay that "¢ ' is a D-consequence of a set of wffs T, or that the argument
from T to "¢ is D-valid,
I'E ¢

iff there is no D-model < W, R,[ ] >, with some w € W, such that [y]* =1
for every y €T, yet [¢]” = 0. Or, equivalently: iff for every world in every
D-model at which all the premises in T are true, "¢ is true as well.

> . . . L
26. Here’s an interesting and unexpected and fantastic fact: ¢ is D-provable
. . . g .
from the premises in I iff the argument from I' to ¢ is D-valid.

FI—D ¢ ifand only if F|:[)¢

27. Notice that, in the D-model from figure 4, ‘TP — P’ is false at world w,. (For,

at w,, ‘0P is true—since ‘P’ is true at every world that w, sees. However, at
w,, ‘P’ is false. So ‘0P — P’ is false.)

6 THESYSTEM T

28. Suppose we add to our axiomatic system X the following axiom
T:0P—-P

or, equivalently,

75 : P - QP

29.

30.

3L

This gives us the axiomatic system 7". 7" will have the following axioms:

- ¢, forall theorems of PL, "¢’ (PL)
- O(P—Q)— (P ~0Q) &)
}—T aoP — P (7)
And the following rules of inference:
all PL valid inferences (PLR)

from |—T dlay,ay,...,ay], infer I—T Al /aydy)ay .. dnfan] (US)
from }—T &, infer I—T O¢ @)

Since all the axioms and rules of inference of K are axioms and rules of infer-
ence of T', we retain the derived rule (M N).

I say that adding ‘P — P’ as an axiom is equivalent to adding ‘0P — P’
as an axiom. That’s because, given this axiomatic framework, we can derive
‘0P — P’ as a theorem if we take ‘P — (P’ as an axiom, like so:

L b PoOP )

2 b P 0P L(US)
5. b -P—-0OP > (MN)
4# L oPoP 3 (PLR)

And we can derive ‘P — QP’ as a theorem if we take ‘0P — P’ as an axiom,
like so:

1. I_/ oP —- P (7)

2. I_/ o—-P — =P 1(US)
5 0P P 2 (MN)
4. I—T P—OP 3, (PLR)

Notice that I did not carry over the axiom D, ‘0P — OP’. Thatis: (D) is
not among the axioms for the system 7. The reason for this is that, given (7),
(D) is redundant. We can derive (D) as a theorem within 7. To see this,
just extend the second axiomatic proof from 30 above with an application of
hypothetical syllogism.

5. |—[ OoP —» OP 1, 4 (PLR)



Figure 5: A T-frame consisting of the worlds w,, w,, and w;,, and an accessibility relation
R such that Rw,w,, Rw,w,, Rw,w,, and Rw,w;.

=<

Figure 6: A T -model consisting of the T'-frame from figure s, together with an interpreta-
tion, [ ], such that P is true in w; and w,, and Q is true in w, and w;.

6.1 SEMANTICS FOR T

If we require that the accessibility relation R be reflexive—that is, that every
world sees itself—then we get a semantics for the system 7.

32. A T-frame is a pair < W, R > of a set of worlds W and a reflexive binary
relation R €W x W. A relation R on W is reflexive iff every w € W bears R
to itself. More generally,

REFLEXIVITY
A binary relation R € A x A is RerLexIVE iff, forall 2 € A, Raa.

Ya Raa

33. A T-model is a triple < W, R, [ ] > consisting of a 7 -frame < W, R > and an
interpretation function [ ], from pairs of wifs and worlds w € W to {1,0}.

(a) As usual, we require that [ ] satisfy the following constraints.

) [-¢]" =1iff [¢]" =0.
() [ 91° =1 IF[S]* =0 or [41* = 1.
(O [Oé]” =1iff, for every w* such that Rww*, [[q,’)]]w =1.

34.

35-

36.

We will say that " ¢ ' isa 7'-consequence of a set of wifs T, or that the argument
from T to "¢ is 7-valid,
Ik ¢

iff there is no 7-model < W, R,[ ] >, with some w € W, such that [y ]* =1
for every y € I, yet [¢]“ = 0. Or, equivalently: iff for every world in every
T-model at which all the premises in T are true, "¢ ' is true as well.

. . . ryao.
Here’s an interesting and unexpected and fantastic fact: ¢ is T'-provable
from the premises in I" iff the argument from T to "¢ is 7"-valid.

r }—T ¢ ifandonlyif T |=T &
7 THE SYSTEM B

Suppose we add to our axiomatic system 7" the following axiom
B:P—-oO0P

or, equivalently,
B*:0OP —>P

This gives us the axiomatic system B. B will have the following axioms:

I—B &, for all theorems of PL, rgéj (PLT)
I;D(P—)Q)—)(DP—)DQ) (K)
|_1: oP — P (T)
I—B P —-0olP (B)

And the following rules of inference:

all valid P L inferences (PLR)
from |—B dlay,ay, ... ay], infer I—B Sl faydyfays..dylfay] (US)
from |—B &, infer I—B O¢ (N)

Since all the axioms and rules of inference of K are axioms and rules of infer-
ence of B, we retain the derived rule (M N).



37. Isay that adding ‘0O0P — P’ as an axiom is equivalent to adding ‘P — OO P’
as an axiom. That’s because, taking ‘P — OQP’ as an axiom, we can derive
‘0P — P, like so:

. FP—-0oO0P (B)

2 =P —00-P L(US)
3. |—ZﬂP—>|:|ﬂDP 2 (MN)
4. | —P—>-00P 3 (MN)
5. F o0P — P 4 (PLR)

And we can derive ‘P — OOP’ as a theorem if we take ‘OO0P — P’ as an
axiom, like so:

LF 0OoP P (B))

2. I—Z Oo—P — —P 1(US)
5. b 0=0P - =P > (MN)
4 | —O0P —-P 3 (MN)
;. F P —0O0P 4 (PLR)

7.1 SEMANTICS FOR B

If we require that the accessibility relation R be reflexive and symmetric—that is,
that every world sees itself and every world sees all the worlds that see it—then
we get a semantics for the system B.

38. A B-frame is a pair < W, R > of a set of worlds W and a reflexive and symmetric
binary relation R € WxW. Requiring that R is reflexive and symmetric means
requiring that every world see itself and that, if w sees w*, then w* must also
see w. More generally,

REFLEXIVITY

A binary relation R € A x A is RerLex1VE iff, for all 2 € A, Raa.
VYa Raa

SYMMETRY

A binary relation R € A x A is symMmetrIC iff, forall 2,6 € A, if
Rab, then Rba.
VaVb (Rab — Rba)

wy w, ws Wy
P S G .

O O O O

Figure 7: A B-frame consisting of the worlds w,, w,,, ws, and w,, and an accessibility rela-
tion R such that Rw,w,, Rw,w,, Rw,w,, Rw,w,, Rw,w;, Rwyw,, Rwyw,, and Rw,w,.

&y @y W3 Wy
P ¢ €—— > o ] ] Q

O O O O

Figure 8: A B-model consisting of the frame from figure 7, together with an interpretation,
[ 1, according to which P is true at w; and w,, and Q is true at wy and w,.

39. A B-model is a triple < W, R,[ ] > consisting of a B-frame < W, R > and an
interpretation function, [ ], from pairs of wifs and worlds w € W to {1, 0}.

(a) As usual, we require that [ ] satisfy the following constraints.
) [=4]* =1iff [¢]* =0.

(=) ﬂ:gﬁ — SA]]“’ =1 1H:[[¢]]w =0or [[sﬂ]]w =1.
(0) [O4]“ =1 iff, for every w* such that Rww*, [#]* =1.

40. We will say that "¢ ' is a B-consequence of a set of wffs T, or that the argument
from T to "¢ is B-valid,
I'Eé

iff there is no B-model < W, R,[ ] >, with some w € W, such that [y ]* =1
for every y €T, yet [¢]“ = 0. Or, equivalently: iff for every world in every
B-model at which all the premises in T are true, "¢ ' is true as well.

> . . . g
41. Here’s an interesting and unexpected and fantastic fact: ¢ is B-provable
. . . g7, .
from the premises in I iff the argument from T to ¢ is B-valid.

I'¢ ifandonlyif Tl &

42. Notice that, in the B-model from figure 8, ‘0P — OOP’ is false at w,. (Since
‘P’ is true at ever world that w, sees, ‘0P’ is true there. However, ‘0P is false



43

at w,, since ‘P’ is false at w;, and w, sees w;. So ‘TP’ is not true at w,, and is
therefore not true at every world that w, sees. So ‘TOP’ is false at w,. So, at
wy, ‘OP’ is true while ‘OOP” is false, so ‘TP — OOP’ is false at w,.)

(a) Also note that, in the same B-model, ‘00Q — OQ’ is false at w,. (Since
w, sees a Q-world, ‘0Q’ is true at w,. And since w, sees w,, ‘0QQ’ is
true at w;. However, w; does not see any Q-worlds, so ‘0Q’ is false at

wy. So ‘00Q — OQ’ is false at w,.)
8 THE SYSTEM S4

Suppose we add to our axiomatic system 7" the following axiom
S4 : OP - oOoP

or, equivalently,

54* : OOP - OP

This gives us the axiomatic system S4. S4 will have the following axioms:

I~ ¢, forall theorems of PL, "¢’ (PL)
'Z. O - Q) — (oP - 0Q) (K)
L oP P (7)
| 0P —ooP (S4)

And the following rules of inference:

all P L-valid inferences (PLR)
from }—S4¢[a1,a2,...,a1\,], infer |—S4¢[¢1/a1,¢2/a2,...,¢N/aN] (us)
from | &, infer |- O¢ V)

Since all the axioms and rules of inference of K are axioms and rules of infer-
ence of S4, we retain the derived rule (M N).

(a) Notice that we did not include the axiom (B). Nor is (B) a theorem of
this system. For each of the previous axiomatic systems, we have been

enlarging the number of theorems. That is, for any "¢ ' of PM L, if "¢’
is a theorem of X, then it is a theorem of D; if rgéj is a theorem of D, then
it is a theorem of 7'; and if rgﬁj is a theorem of 7', then it is a theorem of

B.
Lhohe ok sk

This is not true of B and S4. Not every theorem of B is a theorem of S4,
Lé #k ¢

and not every theorem of S4 is a theorem of B
¢ #he

Nevertheless, if r¢1 is a theorem of 7', then it is a theorem of S4:

TELTELT RN

44. I say that adding ‘OOP — QP as an axiom is equivalent to adding ‘TP —

OO’ as an axiom. That’s because, given this axiomatic framework, we can
derive ‘OOP — QP as a theorem if we take ‘TP — OOP’ as an axiom, as
follows:

. F OoP-ooP (S4)

2. b 0-~P—0o-P L(US)
3 |—: —~OP - O-OP 2 (MN)
4 F 0P —=00P 3 (MN)
5 k OOP = OP 4(PLR)

And we can derive ‘0P — OOP’ as a theorem if we take ‘OOP — QP as an
axiom:

Lok 0P 0P (S4)

2 b 00=P - 0-P L(US)
3. |—4 ¢o—oP — —aP 2 (MN)
4 |—: ~00P — —0P 3 (MN)
5. F oP —ooP 4 (PLR)
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Figure 9: An Sy-frame consisting of the worlds w,, w,,, w;, and w,, and an accessibility
relation R such that Rw, w,, Rw,w,, Rw,w,, Rw,w,, Rw,w;, Rwyw;, and Rw,w,.

45.

8.1 SEMANTICS FOR S4

If we require that the accessibility relation R be reflexive and transitive—that is,
that every world sees itself and every world sees the worlds seen by the worlds
it sees—then we get a semantics for the system S4.

An Sy-frame is a pair < W, R > of a set of worlds W and a reflexive and tran-
sitive binary relation R €W x W. Requiring that R is reflexive and transitive
means requiring that every world see itself and that, if w sees w*, and w* sees
w**, then w must also see w**. More generally,

REFLEXIVITY
A binary relation R C A x A is rerLexiVE iff, forall 2 € A, Raa.

Ya Raa

TRANSITIVITY
A binary relation R € A x A is TransiTive iff, forall 2, 6, c € A, if
Rab and Rbc, then Rac.

VaVbVe (Rab ANRbc)— Rac)

46. An Sg-model is a triple < W, R, [ ] > consisting of an S4-frame < W, R > and

an interpretation function [ ], from pairs of wifs and worlds w € W to {1, 0}.

(a) As usual, we require that [ ] satisfy the following constraints.

) [~¢]v =1iff [$]" =0.

Figure 10: An S4-model consisting of the frame from figure 9, together with an interpreta-
tion on which P is true at w, and Q is true at w; and w,.

47.

48.

(=) [¢— ¢1" =1 [F]Y =0o0r []“ =1.
(0) [O4]“ =1 iff, for every w* such that Rww*, [$]* =1.

We will say that "' is an S4-consequence of a set of wffs I', or that the
argument from I to rgéj is S4-valid,

Ik ¢
iff there is no S4-model < W, R,[ ]| >, with some w € W, such that [[;/]]w =

for every y €T, yet [¢]* = 0. Or, equivalently: iff for every world in every
S4-model at which all the premises in T are true, "¢ is true as well.

> . . . r ao.
Here’s an interesting and unexpected and fantastic fact: ¢ is S4-provable
from the premises in T iff the argument from ' to "¢ ' is S4-valid.

' ¢ ifandonlyif Tl &

. (@) Note that the B-axiom, ‘P — O0P’, is false at world w; of the S4-model

shown in figure 10. (‘P’ is true at w,. At wy, ‘0P’ is false, since w; does
not see any P-worlds. Since w, sees wj, this means that ‘aQP’ is false at
wy. So ‘P —0OfP is false at w,.)

(b) Note also that, for similar reasons, ‘02 — OO is false at w;.



9 THE SYSTEM S5

so. Suppose we add to our axiomatic system 7" the following axiom

Ss : OP — 0P

or, equivalently,
Ss* . ooP — Ol

This gives us the axiomatic system Ss. S5 will have the following axioms:

I ¢, forall theorems of PL, "¢ (PL)
L alP - Q) (@P ~0Q) ®
F opP — P (T)
L 0P > 0P (Ss)
And the following rules of inference:
all PL-valid inferences (PLR)

from |‘SS¢[“1’“2>~-~’O’N]r infer hs¢[¢1/a1,¢2/a2,...,¢1\,/a1\,] (Us)

from | ¢, infer |- O¢

(V)

Since all the axioms and rules of inference of K are axioms and rules of infer-

ence of Ss, we retain all the derived rule (M V).

st. Isay that adding the axiom ‘O0P — OP’ to T is equivalent to adding ‘0P —
O0P’ to T. That’s because we can derive ‘O00P — OP’ as a theorem in Ss:

I. l_ss OP — obP
2. |—SS O—P — OO—P
I—Si -0P — o-oP
|—Ss -0OP — —-¢aP
I—S5 ooP — oP

o

(Ss)

1(US)
2 (MN)
3 (MN)
4 (PLR)

And, if we take ‘0O0P — OP’ as an axiom, then we may derive ‘0P — OO’

as a theorem:

I0

I. |— doP — P (S5

2. |—Zl oo—-P — O-P 1(US)
3. hl O—OP — —OP 2 (MN)
4 F —~00P — —=OP 3 (MN)
5. |—S OP — OOP 4 (PLR)

52. Note that we didn’t include either the B axiom or the S4 axiom in the system

Ss. However, both of these axioms are theorems of S5. Here is a proof showing
that the B axiom is a theorem in Ss:

L }—S P - QP (T)
2. F OP—-0OdP (Ss)

Ss
3. F P—oOoP 1,2 (PLR)
Ss

If we extend the above proof, we may derive the S4 axiom in Ss:

4. |—SS oP — ooP 1(US)

5. |—S5 ool — P (Ss*)

6. l_s; OoP «— ooOP 4,5 (PLR)
7. I—SS oP — odaPl 3 (US)

8. I—SS oP — ogl 6,7 (SE)

(On line 8, I used a rule ‘SE’, for substitution of equivalents. It says that, if
"¢ <> ¢ is a theorem, then "¢/ may be replaced for "¢ wherever "¢
appears as a subwil, and vice versa. This rule is derivable in X'.)

(@) Soboth S4and B are redundant axioms for the system Ss. In fact, adding
the Ss axiom to the system 7 is equivalent to adding both the S4 axiom
and the B axiom to 7. We have already shown that adding S5 to 7" brings
along both S4 and B as theorems. We will now show that adding to T
both the axiom S4 and the axiom B brings along Ss as a theorem:
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54.

LB O0P 0P (S4)

2. mz PP (T%)

5. b, 0P—00P 2 (US)

4 b 0P 00P 1,3 (PLR)
5. b P—0O0P (B)

6. k. _OP—000P 5(US)

. F OP — OOP 4,6 (SE)

9.1 SEMANTICS FOR Ss

If we require that the accessibility relation R be reflexive and euclidean—that is,
that every world sees itself and all the worlds that it sees see each other—then
we get a semantics for the system Ss.

An S5-frame is a pair < W, R > of aset of worlds W and a reflexive and euclidean
binary relation R € WxW. Requiring that R is reflexive and Euclidean means
requiring that every world see itself and that, if w sees both w* and w**, then
w* sees w**. More generally,

REFLEXIVITY
A binary relation R € A x A is RerLEXIVE iff, for all 2 € A, Raa.

Ya Raa

EucLIDEANESS
A binary relation R € A x A is EucLipean iff, for all 2, 6,c € A,
if Rab and Rac, then Rbc.

VaVbVe (Rab NRac)— Rbe)

A binary relation is reflexive and Euclidean if and only if it is reflexive, sym-
metric, and transitive. So another, equivalent, definition of an Ss-frame is this:
An Ss-frame is a pair < W, R > of a set of worlds W and a reflexive, symmetric,
and transitive binary relation R C W x W.

REFLEXIVITY
A binary relation R € A x A is RerLEXIVE iff, for all 2 € A, Raa.

Ya Raa

II

Wy

Figure 11: An S5-frame consisting of the worlds w,, w,,, w;, and wy, and an accessibility
relation R such that Rw, w,, Rw,w,, Rw, wy, Rw,w,, Rw,w,, Rw,w;, Rw,w,, Rw,w,,
Rwyws, and Rw,w,.

lex

so)

Figure 12: An Ss-model consisting of the frame from figure 11, together with an interpreta-
tion, [ ], according to which P is true at w, and w;, and Q is true at w,.

SYMMETRY
A binary relation R € A x A is symMmeTrIC iff, for all 2, 6 € A, if
Rab, then Rba.

VaVb (Rab — Rba)

TRANSITIVITY
A binary relation R € A x A is TRansITIVE iff, forall 2, b,c € A, if
Rab and Rbc, then Rac.

VaVbVc (Rab ANRbc)— Rac)

55. An Ss-model is a triple < W, R, [ ] > consisting of an Ss-frame < W, R > and
an interpretation function [ ], from pairs of wifs and worlds w € W to {1, 0}.
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58.

(a) As usual, we require that [ ] satisfy the following constraints.
) [~4]" =T1iff [¢]" =0.
=) [¢—¢IY =1 [F]=0o0r[]" =1.
(0) [Oé]“ =1 iff, for every w* such that Rww*, []* = 1.

We will say that "' is an Ss-consequence of a set of wifs T, or that the
argument from I to r¢-\ is Ss-valid,

[ ¢

iff there is no S4-model < W, R,[ ] >, with some w € W, such that [y [* =
for every y €T, yet [¢]* = 0. Or, equivalently: iff for every world in every
Ss-model at which all the premises in T are true, rgzéj is true as well.

> . . . r a.
Here’s an interesting and unexpected and fantastic fact: ~ ¢ is Ss-provable
. . . g .
from the premises in I iff the argument from I’ to ¢ is Ss-valid.

'k ¢ ifandonlyif Tl &

10 SUMMARY

In sum, here are the systems we've discussed characterized by the axioms they
add to the system K, along with the constraints on the accessibility relation R
those axioms imply.

System Additional Axioms Constraints on R
D oP — QP R is serial
T oP —» P R is reflexive

oP — P R is reflexive

B P —-olP & symmetric
(or: OO0P — P)

aP — P R is reflexive

S4 ol — ool ¢ transitive
(or: OOP — OP)

Ss aP — P R is reflexive

oP — odP & Euclidean

(or: OOP — OP)

12

Figure 13: Relationship between the systems of propositional modal logic.

11 RELATIONSHIPS BETWEEN THE SYSTEMS

59. We may visualize the relationship between the logical systems we have learned
with the graph from figure 13. There, the arrows correspond to relations of
validity preservation. The graph tells us that, if an argument or a wif of PM L
is valid in K, then it will be valid in D. If it is valid in D, then it will be valid
in 7. If it is valid in 7, then it will be valid in B, and it will be valid in S4.
And, if an argument or a wif of PM L is valid in either B or S4, then it will be
valid in Ss.

Validity-preservation is transitive, so the graph also tells us, for instance, that
if an argument or wit of PAM L is valid in K, then it is valid in B; and that, if
it is valid in D, then it is valid in Ss.

60. There are other modal systems out there. Some of these are weaker than the
system K. That is, there are arguments or wifs that are valid in X which are
not valid in these modal logics. Such modal logics are known as non-normal

modal logics. Any modal logic which is at least as strong as K is known as



(T4=)S4 S5 (=T5)
B (= TB)
Dy

Dys

DB
4 Bs
45
5

B

Figure 14: Some other normal modal logics.

a normal modal logic. That is: any modal logic L which is such that all the
arguments or wils which are valid in K are valid in L is a normal modal logic.

(a)

(b)

Even amongst the normal modal logics, there are a great many which we
have not explored here. For a taste, figure 14 shows some of the possible
modal logics which we can get just from mixing and matching the modal
axioms we have already seen—namely, D, 7', B, S4, and Ss. Each of the
systems shown below has the axioms and rules of system K, plus some
combination of the axioms D, 7', B, S4, and Ss. In the figure, they are
ordered in terms of validity preservation, or strength.

In that figure, The boldfaced logics are the ones we have studied. ‘D4’ is
the logic that you get if you add D and S4 to the system K ‘Bs’ is the
logic that you get if you add B and Ss to K; and so on. For each of these
normal modal logics, you may get a possible worlds semantics for the logic
which is sound and complete by imposing constraints on the accessibility
relation corresponding to those axioms. So, for instance, to get a semantics

13

for the logic 45, you simply define a 45-frame to be a pair < W, R > of
a set of worlds and a binary relation R which is mransitive and Euclidean;
and a 45-model is defined in the usual way.
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