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Natural Deduction for PL

« To show that...
> ..an argument is an entailment

...a collection of sentences is unsatisfiable

v

> ...a sentence is a tautology
> ...a sentence is a contradiction

« we will provide a natural deduction proof (in PL)
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o The natural deduction system for PL includes all the rules
from SL
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It includes four new rules

v

Universal Introduction (V1)
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Universal Elimination (VE)

> d(...n..mn...)

> ‘d(...c...c...) stands for any sentence in which the
variable ‘¢’ may appear free.

> ‘x’ may appear free more than once.

> ‘d(...7...1...)" stands for the result of going through the
sentence o and replacing every free occurrence of ‘x’ with

the same name ‘n’
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m. Vx (Lhx — Lxh)

k. Lhh — Lhh VE m

d(...x...x...) = Rhx — Rxh
d(...1...1...) = Rhh — Rhh



F L
—Syy)

by «—

Vy(S

~Syy)
Vy(Sby <«
vy



Vy(Sby «— =Syy) | L

1 Vy(Sby «— =Syy)

2 Sbb «— —Sbb VE 1



Vy(Sby «— =Syy) | L

1 Vy(Sby < =Syy)

2 Sbb «— —Sbb VE 1

3 ubb Ass (=1)



Vy(Sby «— =Syy) | L

1 Vy(Sby < =Syy)
2 Sbb «— —-Sbb VE 1

3 Sbb Ass (=)

4 -Sbb «— E2,3



Vy(Sby «— =Syy) | L

1 Vy(Sby < =Syy)
2 | Sbb o ~Sbb

3 Sbb

4 -Sbb

5 1

VE 1
Ass (=1)
— E2,3

13,4



Vy(Sby «— =Syy) | L

1 Vy(Sby < =Syy)
2 Sbb «— —Sbb

3 \ Sbb
4 -Sbb
s || 1

6 ~Sbb

VE 1

Ass (=1)
— E2,3
113,4

—-I3-5



Vy(Sby «— =Syy) | L

1| Vy(Sby = =Syy)
2 Sbb «— —Sbb

3 Sbb

4 -Sbb

5 1

6 -Sbb

7 Sbb

VE 1

Ass (=1)
— E2,3
113,4
—I[3-5

«— E2,6



Vy(Sby «— =Syy) | L

1| Vy(Sby = =Syy)
2 Sbb < —Sbb

3 Sbb

4 ~Sbb

5 1

6 ~Sbb

7 Sbb

8 L

VE 1

Ass (=1)
— E2,3
113,4
—I[3-5
«— E2,6

116,77



Vy(Sby «— =Syy) | L

1 Vy(Sby < =Syy)
2 Sbb < —Sbb

3 Sbb

4 ~Sbb

5 1

6 ~Sbb

7 Sbb

8 L

VE 1

Ass (=1)
— E2,3
113,4
—I[3-5
«— E2,6

116,77



Proving a Sentence is a Contradiction

> So: Vy(Sby <= =Syy) | L

11



Proving a Sentence is a Contradiction

> So: Vy(Sby <= =Syy) | L
> So: Vy(Sby «— =Syy) |= L

11



Proving a Sentence is a Contradiction

> So: Vy(Sby <= =Syy) | L
> So: Vy(Sby «— =Syy) |= L

> So: there’s no interpretation which makes
Vy(Sby <= —Syy) true

11



Proving a Sentence is a Contradiction

v

So: Vy(Sby «— =Syy) F L

v

So: Vy(Sby «— =Syy) = L

v

So: there’s no interpretation which makes
Vy(Sby <= —Syy) true

v

So: Vy(Sby «— =Syy) is a contradiction.

11
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> So: |- VxVyRxy — Rjj

> So: |= VxVyRxy — Rjj

> So: there’s no interpretation which makes Vx Vy Rxy — Rjj
false.
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Proving a Sentence is a Tautology

> So: |- VxVyRxy — Rjj

v

So: | VxVyRxy — Rjj

v

So: there’s no interpretation which makes Vx Vy Rxy — Rjj
false.

v

So: VxVy Rxy — Rjj is a tautology.

18
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Existential Introduction (3I)

> J A(...1v...c...)

> ‘d(...n...7n...)" stands for any sentence in which the name
7 appears.

> 7, may appear more than once.

> ‘d(...7...x...)" stands for the result of going through the
sentence 9 and replacing as many occurrences of ‘7’ with
the variable « as you like (you don’t have to replace all of

them with the variable x). o
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Universal Introduction (VI)

> Vo d(...c...x...)

provided that: n. does not appear in any open assumption

> An assumption is open at line k iff its vertical scope line
extends to line k.

> The name 7 cannot appear anywhere in of(...x...x...).
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1 dx Rxa

2 Vy 3x Rxy VI1 «— MISTAKE!

< . . .
> The name ‘a’ appears in the open assumption on line 1

28



Universal Introduction

1 Ux Rxx

29



Universal Introduction

1 Vx Rxx

2 Rcce VE 1

29



Universal Introduction

1 Vx Rxx
2 Rcce VE 1

3 Vx Rxc VI2

29



Universal Introduction

1 Vx Rxx
2 Rcce VE 1

3 Vx Rxc VI2 «— MISTAKE!

29



Universal Introduction

1 Vx Rxx
2 Rcce VE 1

3 Vx Rxc VI2 «— MISTAKE!

> We need to replace every occurrence of ‘c’ with ‘X’
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domain : all things
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Vx(Cx — Fx), YVy(Fy — =Sy) .. Vz(Cz — =82)
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A Syllogism

All cats are fluffy. Nothing fluffy is scary. So no cats are scary.

Vx(Cx — Fx), Yy(Fy — =Sy) F Vz(Cz — =S8z)

> So: the argument is an entailment

> So: the argument is valid
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5 —=Pd

6 Fd — —-Pd
7 —Fd

8 -Cd — —Fd

Vz(=Cz — —Fz)

Ass (— 1)
VE1
MT 3, 4
— E2
MT 5,6
— 13-7

35



Vx(Fx — =Px), Vy(=Py — Cy) .. Yz(=Cz — —Fz)

1 Vx(Fx — —Px)

2 Vy(=Py — Cy)

3 -Cd Ass (— 1)

4 -Pd — Cd VE 1

5 —=Pd MT 3, 4

6 Fd — —-Pd — E2

7 —Fd MT 5,6

8 -Cd — —Fd —13-7

9 Vz(=Cz — —Fz) VI8 35




Vx(Fx — =Px), Vy(=Py — Cy) ..

1 Vx(Fx — —Px)

2 Vy(=Py — Cy)

3 -Cd

4 -Pd — Cd
5 —=Pd

6 Fd — —-Pd
7 —Fd

8 -Cd — —Fd

9 Vz(=Cz — —Fz)

Vz(=Cz — —Fz)

Ass (— 1)
VE1
MT 3, 4
— E2
MT 5,6
— 13-7

VI8

35



A Syllogism

Nothing finite is perfect. Everything imperfect has a creator.
Therefore anything without a creator is infinite.

Vx(Fx — =Px), Yy(=Py — Cy) } Vz(=Cz — —Fz)
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Nothing finite is perfect. Everything imperfect has a creator.
Therefore anything without a creator is infinite.

Vx(Fx — =Px), Yy(=Py — Cy) } Vz(=Cz — —Fz)

> So: the argument is an entailment
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A Syllogism

Nothing finite is perfect. Everything imperfect has a creator.
Therefore anything without a creator is infinite.

Vx(Fx — =Px), Yy(=Py — Cy) } Vz(=Cz — —Fz)

> So: the argument is an entailment

> So: the argument is valid
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Existential Elimination




Existential Elimination

Existential Elimination (JE)

> 6

provided that: n. does not appear outside of the sub-proof (in
particular: n. does not appear in 6)
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Existential Elimination

Someone’s committed a murder. I don’t know who it
is—but whoever it is, let’s call them ‘Jack the Ripper’.
The murder was committed in Whitechapel, but
murders are committed away from the murderer’s
home. So Jack the Ripper doesn’t live in Whitechapel.
So: someone who doesn't live in Whitechapel committed
a murder.
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Existential Elimination

1 Vy(My — —=Ly)

9 AxMx
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Existential Elimination

1 Vy(My — —=Ly)
9 AxMx

3 u@' Ass (3E)
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Existential Elimination

1 Vy(My — —Ly)

2 AxMx

3 Mj Ass (JE)
4 Mj — =Lj VE 1
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Existential Elimination

1 Vy(My — —Ly)

2 AxMx

3 Mj Ass (JE)
4 VE1

5 —E3,4
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Existential Elimination

1 Vy(My — —Ly)

2 AxMx

3 Mj

4 Mj — —Lj
5 —Lj

6 Mj A =Lj

Ass (JE)
VE 1
— E3,4

N 3,5

39



Existential Elimination

1| Yy(My — —Ly)
2 IxMx

3 Mj

4 Mj — =Lj

5 -Lj

6 | | Mja-L

7 Fx(Mx A —Lx)

Ass (JE)
VE1
—E3,4
Al3,5

dIe

39



Existential Elimination

1 Vy(My — —Ly)
2 AxMx

3 M

4 Mj — —Lj

5 -Lj

6 Mj A -Lj

7 Fx(Mx A —Lx)
8 Ix(Mx A =Lx)

Ass (JE)
VE1
—E3,4
Al3,5
dIe

3E 2,3-7

39



Existential Elimination

1| Yy(My — —Ly)
2 IxMx

3 M

4 Mj — —Lj

5 —Lj

6 Mj A -Lj

7 Fx(Mx A —Lx)
8 Ix(Mx A =Lx)

Ass (JE)
VE1
—E3,4
Al3,5
dIe

3E 2,3-7

39



Existential Elimination

1 Vy(My — —Ly)
2 AxMx

3 | Mp

4 Mp — —Lp

5 —Lp

6 Mp A -Lp

7 Fx(Mx A —Lx)
8 Ix(Mx A =Lx)

Ass (JE)
VE1
—E3,4
Al3,5
dIe

3E 2,3-7

39



Existential Elimination

1 Vy(My — —Ly)
2 IxMx

3 Ma

4 Ma — =La

5 =La

6 Ma A —La

7 Fx(Mx A —Lx)
8 Ix(Mx A =Lx)

Ass (JE)
VE1
—E3,4
Al3,5
dIe

3E 2,3-7

39



Existential Elimination

1 Vy(My — —Ly)
2 AxMx

3 Mc

4 Mc — —Lc

5 —Lc

6 Mc A —Lc

7 Fx(Mx A —Lx)
8 Ix(Mx A =Lx)

Ass (JE)
VE1
—E3,4
Al3,5
dIe

3E 2,3-7

39



Existential Elimination

1 Vy Hey

2 AxFx

3 Fe

4 Hee

5 Fe A Hee

6 Jy(Fy A Hyy)

Ass (JE)
VE 1
A3, 4

dls
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Existential Elimination

1 Vy Hey

2 dxFx

3 Fe

4 Hee

5 Fe A Hee

6 Jy(Fy A Hyy)
7 Jy(Ey A Hyy)

Ass (JE)
VE1

A 3,4
dls

dE 2, 3-6

40



Existential Elimination

1 Vy Hey

2 dxFx

3 Fe

4 Hee

5 Fe A Hee

6 Jy(Fy A Hyy)
7 Jy(Ey A Hyy)

Ass (JE)
VE1

A 3,4
dls

JE 2,3-6 «— MISTAKE!

40



Existential Elimination

1 Vy Hey

2 dxFx

3 Fe Ass (3E)

4 Hee VE 1

5 Fe A Hee N3, 4

6 3y(Fy A Hyy) dIs

7 3y(Fy A Hyy) 3JE 2,3-6 «— MISTAKE!

> ‘e’ appears outside of the sub-proof (on line 1).
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Existential Elimination

1 dxRxx
2 Rpp Ass (3E)

3 dyRpy dI2
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Existential Elimination

1 dxRxx

2 Rpp Ass (3E)
3 dyRpy dI2

4 JyRpy JdE 1,2-3
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Existential Elimination

1 dxRxx

2 Rpp Ass (JE)

3 dyRpy dl2

4 JyRpy dE 1,2-3 «— MISTAKE!
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Existential Elimination

1 dxRxx

2 Rpp Ass (3E)

3 dyRpy dl2

4 JyRpy dE 1,2-3 «— MISTAKE!

> ‘p’ appears outside of the sub-proof (on line 4)

41



A Syllogism

Some pundits argue in bad faith. No one who argues in bad faith
is worth arguing with. So some pundits are not worth arguing
with.
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Wx : . is worth arguing with
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A Syllogism

Some pundits argue in bad faith. No one who argues in bad faith

is worth arguing with. So some pundits are not worth arguing
with.

domain : all people
Px : . ispundit

Ax : __ , argues in bad faith
Wx : . is worth arguing with

Ix(Px A Ax), Vy(Ay — =Wy) .. Fz(Pz A =Wz)
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1

2

Jx(Px A Ax)

Vy(Ay — =Wy)
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Jx(Px A Ax)

Ass (JE)

43



Jx(Px A Ax)
- Ay = -Wy)
Pm A Am Ass (3E)

Am AE 3
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Jx(Px A Ax)
| WAy = =Wy)

Pm AN Am

Am

Am — = Wm

Ass (JE)
AE 3

VE 2
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Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am

Am — = Wm

-Wm

Ass (JE)
AE 3
VE 2

— E 4,5
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Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am
Am — -Wm
-Wm

Pm

Ass (JE)
AE 3
VE 2
— Eg4,5

AE 3

43



Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am
Am — -Wm
-Wm
Pm

Pm A -Wm

Ass (JE)
AE 3
VE 2
— Eg4,5
AE 3

A6, 7

43



Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am
Am — -Wm
-Wm
Pm

Pm A -=-Wm

Jz(Pz A =W2)

Ass (JE)
AE 3

VE 2

— Eg4,5
AE 3
A6, 7

318

43



10

Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am
Am — -Wm
-Wm
Pm

Pm A -Wm

Jz(Pz A =W2)

Jz(Pz A =W2)

Ass (JE)
AE 3

VE 2

— Eg4,5
AE 3
A6, 7
18

JE 1,3-9
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Jx(Px A Ax)

- Ay = -Wy)
Pm A Am
Am
Am — -Wm
-Wm
Pm

Pm A -Wm

Jz(Pz A =W2)

Jz(Pz A =W2)

Ass (JE)
AE 3

VE 2

— Eg4,5
AE 3
A6, 7
18

JE 1,3-9

43



A Syllogism

Some pundits argue in bad faith. No one who argues in bad faith
is worth arguing with. So some pundits are not worth arguing
with.

Ix(Px A Ax), Vy(Ay —» =Wy) | Fz(Pz A =W2)
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A Syllogism

Some pundits argue in bad faith. No one who argues in bad faith
is worth arguing with. So some pundits are not worth arguing
with.

Ix(Px A Ax), Vy(Ay —» =Wy) | Fz(Pz A =W2)

> So: the argument is an entailment
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A Syllogism

Some pundits argue in bad faith. No one who argues in bad faith
is worth arguing with. So some pundits are not worth arguing
with.

Ix(Px A Ax), Vy(Ay —» =Wy) | Fz(Pz A =W2)

> So: the argument is an entailment

> So: the argument is valid
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Someone loves everyone. So everyone has someone who loves

them.

45



Someone loves everyone. So everyone has someone who loves

them.

dxVyLxy .. VydxLxy
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yL
xy | Vy3xL
Xy

1 Elenyy
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yL
xy | Vy3xL
Xy

1
JxVyLxy

53
o
A
ss (JE)
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IxVyLxy | Vy3xLxy

1 dxVyLxy

2 VyLay Ass (3E)
3 Lab VE 2
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IxVyLxy | Vy3xLxy

1 dxVyLxy

2 VyLay Ass (3E)
3 Lab VE 2

4 JxLxb dI3
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IxVyLxy | Vy3xLxy

1 dxVyLxy

2 VyLay Ass (JE)
3 Lab VE 2

4 dxLxb dIs3

5 Vy3dxLxy VI 4
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IxVyLxy | Vy3xLxy

1 AxVyLxy

2 VyLay

3 Lab

4 JxLxb

5 Vy3dxLxy
6 Vy3dxLxy

Ass (3E)
VE 2

dl3

dE 1, 2—5
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IxVyLxy | Vy3xLxy

1 dxVyLxy

2 VyLay Ass (3E)
3 Lab VE 2

4 JxLxb dI3

5 Vy3dxLxy VIg

6 Vy3dxLxy JE 1, 2-5
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Universal Introduction

Universal Introduction (VI)

> Vo d(...x...x...)

provided that: n. does not appear in any open assumption
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Universal Elimination

Universal Elimination (VE)

> d(..n..m...)
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Existential Introduction

Existential Introduction (3I)

> Jx A(...10...c...)
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Existential Elimination

Existential Elimination (JE)

> 6

provided that: n. does not appear outside of the sub-proof (in
particular: n. does not appear in 6)
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Derived Rules




Not everyone is fun. So, someone is not fun.
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Not everyone is fun. So, someone is not fun.

=VxFx ... Ax—Fx
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-VxFx | 3x-Fx

1 Lu\fx Fx

52



-VxFx | 3x-Fx
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-VxFx | 3x-Fx

1 -Vx Fx
2 —3dx—Fx Ass (—E)
3 —Fa Ass (=E)
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-VxFx | 3x-Fx

1 —Vx Fx

2 —3dx—Fx Ass (=E)
3 —Fa Ass (=E)
4 dx—-Fx dIs3
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-VxFx | 3x-Fx

1 —Vx Fx

2 —dx—Fx
3 -Fa

4 Ax—Fx
5 1

Ass (=E)
Ass (—|E)
dl3

112,4
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-VxFx | 3x-Fx

1 —Vx Fx

2 —3x—Fx
3 ‘ -Fa

4 dx—Fx
1]

6 Fa

Ass (=E)
Ass (=E)
dl3
112,4

-13-5
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-VxFx | 3x-Fx

1 —Vx Fx

2 —3x—Fx
3 -Fa

4 dx—Fx
5 1

6 Fa

7 VxFx

Ass (=E)
Ass (=E)
dl3
112,4
=I3-5

VI1é
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-VxFx | 3x-Fx

1 —Vx Fx

2 —3x—Fx
3 -Fa

4 dx—Fx
5 1

6 Fa

7 VxFx

8 1

Ass (=E)
Ass (=E)
dl3
112,4
=I3-5
VI1é

1l1,7
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-VxFx | 3x-Fx

1 —Vx Fx

2 —3dx—Fx Ass (=E)

3 =Fa Ass (=E)

4 dx—-Fx dIs3

5 L 112,4

6 Fa =] 3-5

7 VxFx VIé6

8 L 1l1,7

9 dx—Fx -E2-8 -




-VxFx | 3x-Fx

1 —Vx Fx

2 —3dx—Fx Ass (=E)

3 =Fa Ass (=E)

4 dx—-Fx dIs3

5 L 112,4

6 Fa =] 3-5

7 VxFx VIé6

8 L 1l1,7

9 dx—Fx -E2-8 -




Change of Quantifiers (CQ)

1 L'Vazsﬁ(acoc)
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Change of Quantifiers (CQ)

1 —Vad(..x..x...)
2 LEIm—'sﬂ(ococ) Ass (=E)
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Change of Quantifiers (CQ)

—Nazd s I

—Jx-dA(...x...x...) Ass (—E)

Lsﬂ ML) Ass (—=E)
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Change of Quantifiers (CQ)

1 —Vad(..x..x...)

2 —Jx-dA(...x...x...) Ass (=E)

5 -d(..n..n...) Ass (—E)
4 F-A(...x...x...) I3
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Change of Quantifiers (CQ)

1 —Vad(..x..x...)

2 —de=d(...x...%...)
3 -dA(..n..n...)

4 dx—dA(...xc...x...)
5 1

Ass (—E)
Ass (—E)
dI3

112,4

53



Change of Quantifiers (CQ)

1 —Vad(..x..x...)

2 —Jx-dA(...x...x...) Ass (=E)
3 ‘ -dA(..n..n...) Ass (—E)
4 F-A(...x...x...) I3

5 1 12,4
6 A(..n..m...) -E 3-5

53



Change of Quantifiers (CQ)

1 —Vad(..x..x...)

2 —Jx-dA(...x...x...)
3 -dA(..n..n...)
4 F-A(...x...x...)
5 1

6 d(..n..n...)

7 Vad(...x...x...)

Ass (—E)
Ass (—E)
dI3
112,4
—-E3-5

VIeé

53



Change of Quantifiers (CQ)

1 VYad(..x...xc...)

2 —Jx-dA(...x...x...) Ass (=E)
3 -dA(..n..n...) Ass (—E)
4 F-A(...x...x...) I3

5 L 1I2,4
6 A(..n..m...) -E 3-5
7 Ved(...x...x...) VIé6

8 1 1I1,7
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Change of Quantifiers (CQ)
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4 F-A(...x...x...) I3

5 L 1I2,4

6 A(..n..m...) -E 3-5

7 Vad(...x...x...) VI6

8 1 1l1,7
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Change of Quantifiers (CQ)

1 —Vad(..x..x...)

2 —Jx-dA(...x...x...) Ass (=E)

3 -dA(..n..n...) Ass (—E)

4 F-A(...x...x...) I3

5 L 1I2,4

6 A(..n..m...) -E 3-5
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8 1 1l1,7
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Change of Quantifiers (CQ)

Change of Quantifiers (CQ)
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Change of Quantifiers (CQ)

1 Ew—'&ﬂ(acaa)

55



Change of Quantifiers (CQ)

1 F-d(...x...x...)

2 Lusﬂ(nn) Ass (3E)
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Change of Quantifiers (CQ)

E]w—'&ﬂ acaa

-dA(..n..n..) Ass (3E)

Umsﬂ s I Ass (=)
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Change of Quantifiers (CQ)

1 F-d(...x...x...)

2 -dA(..n..n..) Ass (3E)

3 Vaed(...x...x...) Ass (=I)
4 d(..n..m...) VE 3
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Change of Quantifiers (CQ)

Ass (JE)
Ass (=)
VE 3

112,4
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Change of Quantifiers (CQ)

1 F-d(...x...x...)

2 -dA(..n..n..) Ass (3E)
3 ‘ Vad(...c...x...) Ass (=)
4 d(..n..n..) VE 3

5 L 112,4

6 -Vad(...x...x...) -I3-5

55



Change of Quantifiers (CQ)

1 Jxe—d(...xc...xc...)

2 -dA(..n..n..) Ass (3E)
3 Vad(...c...x...) Ass (=)

4 d(..n..m...) VE 3

5 AL 12,4

6 -Voed(..x..x...) =[3-5

7 —Vad(..x...x...) JE1,2-6
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Change of Quantifiers (CQ)

1 F-d(...x...x...)

2 -dA(..n..n..) Ass (3E)
3 Vad(...c...x...) Ass (=)

4 d(..n..m...) VE 3

5 AL 12,4

6 -Voed(..x..x...) =[3-5

7 —Vad(..x...x...) JE1,2-6

55



Change of Quantifiers (CQ)

Change of Quantifiers (CQ)
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Change of Quantifiers (CQ)

1 =Jed(..x..x...)

2 dA(..n..m...) Ass (1)
3 Sad(...x...2...) a2

4 1 111,33
5 -d(..n..n...) —[2-4
6 Va-dA(..x...x...) VIs
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Change of Quantifiers (CQ)

Change of Quantifiers (CQ)

-Vad <> Fx—dd
—Jxd > Yoo
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Change of Quantifiers (CQ)

1 Va-dA(..x...x...)

2 Fad(...x...x...)
3 d(..n..n...)
4 —d(..n..n..)
5 1

6 L

7 —Jed(..x...x...)

Ass (=)
Ass (JE)
VE1
113,4
dE 2, 3-5

-] 2-6
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Change of Quantifiers (CQ)

Change of Quantifiers (CQ)

-Vad <> Ja—-dd
—Jad a4 > Voo

60



	Universal Elimination
	Existential Introduction
	Universal Introduction
	Existential Elimination

